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ABSTRACT
For a multicast group of n receivers, existing techniques either achieve high throughput at the cost of prohibitively
large (e.g., O(n)) feedback overhead, or achieve low feedback overhead but without either optimal or near-optimal
throughput guarantees. Simultaneously achieving good throughput guarantees and low feedback overhead has been an
open problem and could be the key reason why wireless multicast has not been successfully deployed in practice. In
this paper, we develop a novel anonymous-query based rate
control, which approaches the optimal throughput with a
constant feedback overhead independent of the number of
receivers. In addition to our theoretical results, through implementation on a software-defined ratio platform, we show
that the anonymous-query based algorithm achieves lowoverhead and robustness in practice.

CCS Concepts
•Networks → Network protocol design; Network control algorithms;

Keywords
Wireless multicast, near-optimal throughput, low feedback
overhead

1.

INTRODUCTION

Mobile video is expected to contribute 70% of all the mobile traffic by the end of 2018 [1]. Wireless multicast, which
leverages the shared nature of the wireless medium, is an efficient way to distribute the popular video streams to many
clients.
In a wireless communication system, the channel condition fluctuates over time due to factors such as multipath,
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shadowing, mobility, etc. Adapting the physical layer transmission rate according to the channel conditions of the receiver(s), referred to as rate control, is an essential component in the protocol stack in terms of achieving a high
throughput. The rate control problem has been extensively
studied for wireless unicast, e.g., [2][3][4][5][6]. The rate control in a wireless multicast scenario faces additional challenges: the channel quality of each receiver may correspond
to a different stochastic process. As a result, adapting the
rate to one particular receiver as in the unicast case may
substantially degrade the throughput of the other receivers.
Therefore, an appropriate rate control for multicast may
need to carefully balance all the receivers by jointly considering the channel state information (CSI) or the channel
distribution information (CDI) of all the receivers.
In practice, both the CSI and CDI are only locally available at each receiver. Conventionally, to select the appropriate transmission rate, the transmitter needs to collect the
CSI or CDI from all the receivers. For a multicast group of n
receivers, existing techniques either achieve high throughput
at the cost of prohibitively large (O(n)) feedback overhead
[7][8], or provide schemes [9][10][11] with low overhead, but
without good throughput guarantees.
Thus, simultaneously achieving good throughput guarantees and low feedback overhead has been a long-standing
open problem. In this work, we make significant progress
towards developing a scheme that achieves high throughput
with constant feedback overhead.
The contributions of this paper are summarized as follows.
• We begin with a static multicast rate control problem. We develop a novel Anonymous-Query mechanism that approaches the -neighborhood of the optimal static rate with a communication overhead of
O(log 1/), which is not only independent of the number of receivers n, but also order optimal in terms of .
Our method works as if the receivers were to collaboratively inform the transmitter the optimal rate bit by
bit, but without any prior knowledge of CSI or CDI at
the transmitter.
• We then compare the achievable throughput of the
optimal static rate control with the genie-aided dynamic rate control solution, where the CSI of all receivers are known non-causally at the transmitter and
the rate at each time-slot is selected to maximize the

long-term average system throughput. We show that
under some mild conditions, the throughput gain of
the optimal genie-aided control over the optimal static
rate control method becomes negligible as the number
of receivers increases. In particular, when the number of rates the transmitter can choose from is finite,
the throughput gain of the optimal genie-aided control
decreases exponentially with the number of receivers.
This suggests that, compared with the optimal static
rate control method, the benefits of exploiting channel realization information from receivers is negligible when the number of receivers is moderately large.
Therefore, in a network with a large number of receivers, the static rate control method we propose is
able to achieve a throughput close to the throughput
of the optimal genie-aided rate control, while incurring a small constant communication overhead independent of the number of receivers. To the best of our
knowledge, our rate control method is the first which
approaches the optimal throughput in multicast with a
constant communication overhead independent of the
number of receivers.
• Our theoretical results are validated by numerical simulations. Furthermore, via a software defined radio
implementation we show the low-overhead and robustness features of the anonymous-query based algorithm.
The rest of this paper is organized as follows. In Section 2,
we introduce some related works. In Section 3, we describe
the system model and formulate the static rate control problem. In Section 4, we propose an anonymous-query based
algorithm to solve the static rate control problem. In Section 5, we compare the achievable throughput of the optimal
static rate control with the genie-aided dynamic rate control solution. In Section 6, we evaluate the performance of
our method through both numerical simulations and systemlevel implementations. Finally, in Section 7, we conclude the
paper.

2.

RELATED WORK

In wireless unicast, the rate control problem has been
extensively studied, e.g., [2][3][4][5][6]. Most existing techniques, such as [2][3], adjust the transmission rate according
to either the CSI or CDI from the receiver. Recently, Strider
code [4] and Spinal code [5] have been proposed, in which no
CSI or CDI from the receiver is required before transmission
and the transmission rate is determined by the acknowledgement information from the receiver. However, there are two
issues with this approach: (i) As shown in a recent work
[6], even for a single receiver, the feedback overhead to determine the rate without CSI or CDI still occupies 5 − 10%
of the total time, and thus is non-negligible. (ii) It is not
clear whether these new advancements could be successfully
applied to a wireless multicast with a large number of receivers.
In wireless multicast, the channel qualities of receivers often correspond to different stochastic processes. One intuitive way of choosing the transmission rate, e.g., [10], is to
guarantee the successful reception of every packet at all the
receivers. However, as the number of receivers increases, it
becomes more and more likely that there exists a receiver(s)
whose instantaneous channel happens to be poor. As a result, the achievable throughput of the intuitive method may

degrade substantially as the number of receivers increases.
A scalable rate control for multicast should allow receivers
to occasionally fail to receive packets when their channel
conditions are poor. In light of this, there has been a rich
body of literatures that study different ways to reliably disseminate information under the broadcast erasure channel
model. For example, rateless codes such as LT codes [12],
Raptor codes [13] and more recent network coding schemes
[14][15][16] allow one to achieve the capacity of broadcast
erasure channel. The required feedback overhead in [15][16]
can be quite small even when there are a large number of
receivers. Note that the transmission rate, e.g., modulation or coding rate in the physical layer, is given a priori in
these works. In this work, we focus on devising an efficient
multicast rate adaptation in the physical layer, which, by
combining with the techniques described above, can achieve
a high throughput.
Existing studies about rate control in wireless multicast
are either CDI-based or CSI-based. The static multicast
rate control problem was formulated and studied in [7]. It is
assumed that the transmitter has perfect knowledge about
the CDI of the receivers. In [8], the authors optimized transmission rate for multicasting video streams according to CSI
of the receivers. Note that the communication overhead for
the transmitter to collect CDI or CSI from all the receivers
increases linear with respect to the number of receivers n,
which could be prohibitive in a large network. To avoid
the scalability problem, the method in [9] partitions the receivers into clusters and only selects a subset of the receivers
to report CSI or CDI to the transmitter. Yet, it requires
precise location information of all the receivers, making it
difficult to apply to a network with a large number of mobile
clients. In [10], the duration of a busy tone signal is used
to indicate the maximum of the instantaneous supportable
rate of all receivers. Although the communication overhead
of the busy tone can be small even when there are a large
number of receivers, the achievable throughput of this approach degrades with the number of receivers, as explained
earlier for the intuitive rate control approach. In [11], a
rate adaptation method is proposed which could empirically
achieve high throughput and low feedback overhead, but it
is not clear whether the method is close to the optimal solution. To the best of our knowledge, this is the first work
that approaches the optimal throughput (for a large wireless
multicast group) with a constant communication overhead
independent of the number of receivers.

3.
3.1

SYSTEM MODEL AND PROBLEM FORMULATION
System Model

We consider a multicast setting, where we have one transmitter that needs to send a stream of common information
to n receivers.
Typical wireless transceivers have multi-rate capabilities.
For example, in 802.11ac, the transmitter has the flexibility
of choosing between 10 transmission rates from 32.5 Mbit/s
to 433.3 Mbit/s by selecting different combinations of modulation and channel coding configurations. Let R denote the
set of transmission rates available at the transmitter. To
capture the physical layer capability, we let rmin , min{R}
and rmax , max{R}.

3.2

Static Multicast Rate Control

From the definition of Ri [t], we know that given the transmission rate r ∈ R, the packet sent in slot t can be successfully received by receiver i if and only if Ri [t] ≥ r. Thus, if
the transmitter transmits at a constant rate r ∈ R and the
system has only a single receiver i, the long term average
throughput of the system can be expressed as a product of
the transmission rate r and probability that receiver i can
successfully receive a packet at rate r, which we denote as
Ti (r) = rP (Ri ≥ r) .

(1)

We also call Ti (r) the throughput function of receiver i.
Note that P (Ri ≥ r) is a decreasing function of r. From
Equation (1), neither a very high rate r nor a very low rate r
is desirable to achieve a large throughput, for a high rate r,
P (Ri ≥ r) could be close to zero leading to a low throughput;
a low rate r may correspond to the case of P (Ri ≥ r) being
close to one, but now he throughput is limited by r which is
low. In this paper, we make the assumption that Ti (r) is a
continuous unimodal1 function in r. Note that this is a mild
assumption. For instance, the assumption is true when Ri [t]
is calculated based on the Shannon equation and the SNR
distribution conforms to either Rayleigh or Rician fading.
Two examples of Ti (r) are shown in Figure 1.
When the transmitter sends common information to more
than one receiver using a constant rate r, the long term
throughput of the system is limited by the weakest receiver
under rate r. More precisely, the long term average system
throughput under the constant transmission rate r, which
we denote as T (r), can be expressed as
T (r) = min Ti (r).
1≤i≤n

1

There exists a unique maximum.

(2)
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We consider a slotted system, where the channel between
the transmitter and each of the receivers is assumed to be
block fading, where the channel states remain the same
within each slot, and vary from one slot to another. Note
that a transmission rate would correspond to an associated
SNR threshold. Hence, in a time slot t given the channel
gain from the transmitter to receiver i, we can find a maximum transmission rate under which the packets sent by the
transmitter in slot t can be successfully received by receiver
i. We denote such a rate by Ri [t]. Across different time slots,
Ri [t] would vary with the fluctuation of the channel quality.
Since, for each receiver i, there is a one-to-one correspondence between the channel gain and the maximum achievable transmission rate [17], the channel process of a receiver
i can be fully captured by the dynamics of {Ri [t]}t∈N . In this
paper, we assume that {Ri [t]}t∈N is a stationary stochastic
process, and we use the random variable Ri to capture its
distribution.
We assume that the transmitter has no knowledge of either the distribution or the realization of {Ri [t]}1≤i≤n,t∈N ,
while each receiver i has perfect knowledge of its own channel, i.e., the distribution of {Ri [t]}t∈N as well as its instantaneous realization. This is a practical assumption, since
the CSI or CDI can be easily acquired at each receiver by
measuring the probing signals sent by the transmitter.
The objective of the transmitter is to maximize the longterm throughput of the common information flow to all the
receivers by controlling its transmission rate.

20
15
10
Rayleigh fading
< 2 = 860

5
0

0

10

20
30
r (Mbit/s)

40

50

Figure 1: Two examples of Ti (r) with Rayleigh and
Rician faded channel models and Ri [t] = W log(1 +
SN R) with W = 5M Hz.

Since the minimization operation preserves unimodality, T (r)
is also a unimodal function.
Note that the throughput in Equation (2) is achievable
using many different schemes. For example, rateless codes
such as LT codes [12], Raptor codes [13] and more recent
network coding schemes [14][16] can be applied in the application layer to achieve the capacity of broadcast erasure
channel. In this paper, we limit our attention on the rate
adaptation in the physical layer.
The static multicast rate control problem is to find the
transmission rate r that maximizes the throughput of the
network, which is formulated in Equation (3).
max T (r) = max min Ti (r).
r∈R

r∈R 1≤i≤n

(3)

It can be observed from Equation (3) that the static rate
control problem is a max-min optimization problem. Since
T (r) is a unimodal function, there is a unique solution r∗ ∈
R to Equation (3). Solving this problem is straightforward
if the complete information about the throughput functions
{Ti (r)}1≤i≤n is given (e.g., using search techniques such as
Golden Section Search or Fibonacci Search), yet the challenge lies in the fact that Ti (r) is known only locally at
receiver i. For the transmitter to find the optimal rate r∗ ,
conventional approaches require the transmitter to collect
information about Ti (r) from every receiver 1 ≤ i ≤ n. In
other words, receivers have to feed back information using
orthogonal channel resources (either in time or frequency)
as shown in Figure 2(a). Consequently, as the number of
receivers n increases, the communication overhead of conventional approaches increases proportionally with n. For
example, one naive method to approach an -neighborhood
of the optimal rate, i.e., [r∗ − /2, r∗ + /2], is to let each
receiver i feed back a number of (rmax − rmin )/ samples of
Ti (r). The number of bits that needs to be exchanged between the transmitter and all the receivers is in the order2 of
at least Θ(n/), which is prohibitive when there are a large
number of receivers in the network or when we desire the solution to be close to the optimal. This is the key motivation
of the paper: to find a method to approach r∗ with much
less communication overhead.
In Section 5, we compare the performance of the static
rate control solution with the genie-aided dynamic rate con2

We say xn = Θ(yn ) if there exist z1 , z2 > 0 such that
z1 |yn | ≤ |xn | ≤ z2 |yn | for two real-valued sequences {xn }
and {yn }.

Tell me about Ti (r ), i = 1,..., n

Is there any receiver i : Ti (40) < 32?
Round 1

Round n

...

...
Round 1

Round 2

Round 3

Tn (40) = 30

Round 1

T1 (40) = 39

(a) Traditional
gathering.

T3 (40) = 33
T2 (40) = 27

information (b) An example of one round
of Anonymous Query

Figure 2: A comparison of traditional information
gathering and Anonymous-Query based information
gathering.

trol solution, where the channel realizations {Ri [t]}1≤i≤n,t∈N
are known non-causally at the transmitter and the rate of
transmission at each time-slot is selected to maximize the
long-term average system throughput. Surprisingly, we show
that under some mild conditions, the throughput gain of
the optimal genie-aided control over the static rate control
method vanishes as the number of receivers n increases.

4.

ANONYMOUS-QUERY BASED MULTICAST RATE CONTROL

In this section, we introduce a novel Anonymous Queries
mechanism, based on which an algorithm is developed to
solve the static multicast rate control problem. The salient
feature of the proposed algorithm is that the transmitter can
approach an -neighborhood of the optimal solution with a
communication overhead O(log 1/), which is not only independent of the number of receivers n, but also order optimal
in terms of .

4.1

At the same time, the transmitter enters the receiving mode and detects the existence of beacon
signal from the receivers.

Anonymous Queries-based Signalling

We propose a novel Anonymous Queries mechanism as
illustrated in Figure 2(b). In Anonymous Queries, the transmitter and the receivers communicate interactively in rounds.
One round of anonymous query is defined as follows.
Definition 1. (Anonymous Query) One round of anonymous query consists of the following two consecutive stages.
Stage 1: The transmitter broadcasts a question to a group
of n receivers using the lowest data rate3 , where
the question follows the following format: “Is there
any receiver that satisfies a property P?”. Whether
or not the property P is satisfied depends only on
information locally available at each receiver.
Stage 2: In response to the question broadcasted by the
transmitter, a receiver will send out a beacon signal if the receiver satisfies the property P specified
in the question. If a receiver does not satisfy the
property P, it keeps in the receiving mode preparing to receive the next query from the transmitter.
3
The lowest data rate is used to ensure that all the receivers
could receive the question reliably.

For each round of anonymous query, the transmitter could
learn 1 bit information about whether there is any receiver
1 ≤ i ≤ n satisfying the property P. This learning process
is anonymous in the sense that the transmitter cannot learn
the actually id of the receiver(s) satisfying the property. The
result of the previously sent queries will determine whether
more queries are necessary and what query will be sent next.
Since the transmitter can easily detect the existence of
beacon signal(s) by energy detection, the receivers satisfying property P could send the beacon signals in the same
channel and do not need to be precisely synchronized or coordinated. This leads to a salient feature of the anonymous
queries: the communication overhead of each round of query
is constant for any number of receivers n. The key challenge
is to design an Anonymous-Query based algorithm to learn
the optimal rate r∗ of Problem (3) using as few queries as
possible.

4.2

Anonymous-Query based Rate Control

In this subsection, we present the rate control algorithm
based on anonymous queries. For ease of presentation, we
first consider the case when the transmitter can choose any
rate in the set R = [rmin , rmax ]. Later we shall do a minor
adjustment to make our algorithm applicable to the case
when R is any finite set.
First, we show that the straightforward incorporations of
Anonymous Queries with existing search techniques such as
Golden Section Search and Fibonacci Search [18] are not efficient. Given the evaluations of T (r), Golden Section Search
or Fibonacci Search can find the maximum of a one dimensional unimodal function T (r). Since rmin ≤ r ≤ rmax is
bounded, the convergence speed of these methods is known
to be order optimal [19], if T (r) is known a priori. We show a
toy example in Figure 3(a), in which there are two receivers.
The idea of Golden Section Search or Fibonacci Search is
that in one iteration, two rates rmin < r1 < r2 < rmax are
picked. Suppose we know that T (r1 ) > T (r2 ), then based on
the fact T (r) is unimodal, the search region for r∗ can be narrowed down to [rmin , r2 ]. In our problem, however, for a specific r, the evaluation of T (r) = min1≤i≤n Ti (r) is not readily
known by the transmitter, and the value of T (r) can only be
approximated by a bisection search using rounds of Anonymous Queries. For the example shown in Figure 2(b), the
transmitter queries about “Is there any receiver 1 ≤ i ≤ n
with Ti (40) < 32?”. Since T2 (40) = 27, Tn (40) = 30, the
transmitter detects the beacon signal in this round. In the
next round, the transmitter may query “Is there any receiver
1 ≤ i ≤ n with Ti (40) < 16?”. In this way, the search region for T (40) can be narrowed down. Unfortunately, to
learn which one among T (r1 ) and T (r2 ) is larger, a good
number of Anonymous queries may be necessary, especially
when T (r1 ) and T (r2 ) are close. In the worst case, to approach an -neighborhood of the optimal solution, the number of required queries is Θ(log 1/) in each iteration of the
search algorithm. Since the search algorithm terminates after Θ(log 1/) iterations, the worst communication overhead
of the straightforward incorporation of Anonymous Queries
can be Θ((log 1/)2 ) to learn an -neighborhood of the optimal solution. Note that even though the communication
overhead is independent of the number of receivers n com-

Algorithm 1: Anonymous-Query based Rate Control
1
T1 (r )

2

T2 (r )

3
4
5

May need many
anonymous
queries to learn:

6

T (r1 ) > T (r2 )

7
8

rmin

r1

r2

rmax

9
10

(a) Incorporation of Anonymous Queries with existing
techniques.

11
12
13

Query One

Query Two

CU = rmax LcM (Ti ) ∩ [rL , rM ] ≠ ∅,
∀i = 1, 2

15
16

∀i = 1, 2
aU = 0

aL = 0

T1 (r )

14

LcM (Ti ) ∩ [rM , rU ] ≠ ∅,

T2 (r )

17
18
19

CM

20
21
22
CL = 0

rL = rmin

rM

23
24

rU = rmax

25

(b) Our Anonymous Queries method.

26

Figure 3: Comparison of different AnonymousQuery based algorithms in a toy network with two
receivers.

27
28
29
30

pared with a complexity of O(n) using conventional methods, the overhead can still be quite high when  is small.
Next, we propose our Anonymous Query method which
will learn the optimal rate much more efficiently.
To begin with, we define the concept of a superlevel set

31
32
33
34
35
36

- - - - - - - Initializations - - - - - - - - - - - - - rL := rmin ; rU := rmax ;
cL := 0; cU := rmax ;
rF := rmin ;
- - - - - - Anonymous queries - - - - - - - - - - while rU − rL >  and cU − cL >  do
rM := 21 (rL + rU ); cM := 21 (cL + cU )
- - - - - - Anonymous query for [rL , rM ] - - - - - - - Tx broadcasts an anonymous query:
∃ Rx i such that LcM (Ti ) ∩ [rL , rM ] = ∅?
foreach Rx i ∈ {1, ..., n} do
if Ti (r) < cM , ∀r ∈ [rL , rM ] then
send out a beacon signal;
end
Tx detects the existence of beacon signal;
if beacon signal is detected then aL := 1; else
aL := 0;
- - - - - - Anonymous query for [rM , rU ] - - - - - - - Tx broadcasts an anonymous query:
∃ Rx i such that LcM (Ti ) ∩ [rM , rU ] = ∅?
foreach Rx i ∈ {1, ..., n} do
if Ti (r) < cM , ∀r ∈ [rM , rU ] then
send out a beacon signal;
end
Tx detects the existence of beacon signal;
if beacon signal is detected then aU := 1; else
aU := 0;
- - - - - - Tx updates for the new queries - - - - - - - switch aL , aU do
case aL = 1 and aU = 1 cU := cM ;
case aL = 0 and aU = 0 cL := cM ; rF := rM ;
case aL = 1 and aU = 0 rL := rM ;
case aL = 0 and aU = 1 rU := rM ;
end
end
if rU − rL ≤  then r̂ := rL ; else r̂ := rF ;
- - - - - Starting data transmission - - - - - - - - - Transmit packets at rate r̂.

Definition 2. (Superlevel set) A set of the form
Lc (Ti ) = {r ∈ [rmin , rmax ]|Ti (r) ≥ c}

(4)

is called a superlevel set of function Ti (r) at level c.
The idea to solve Problem (3) using anonymous queries is
to search for r∗ and T (r∗ ) at the same time. A lower bound
rL and an upper bound rU for r∗ are maintained. Similarly,
a lower bound cL and an upper bound cU for T (r∗ ) are maintained. The anonymous queries are designed such that from
the results of queries in each iteration, either the search region [rL , rU ] for r∗ or the search region [cL , cU ] for T (r∗ ) can
be narrowed down by half. The details of the anonymousquery based rate control scheme are given in Algorithm 1.
In lines 2-3, [rL , rU ] and [cL , cU ] are initialized. In each iteration of Algorithm 1, rM and cM are set to be the middle
points of [rL , rU ] and [cL , cU ] respectively, as shown in line 7.
Then, the transmitter sends two anonymous queries to the
receivers on the superlevel sets with the level cM for [rL , rM ]
and [rM , rU ] respectively (lines 9-10 and lines 18-19). In response to the anonymous query, a receiver i sends a beacon
signal if it satisfies the queried property (lines 11-14, lines 2023). By detecting the existence of beacon signals for the two
queries, the transmitter learns two bits information aL , and

aU , which altogether determine the updates of the search
regions for [rL , rU ] and [cL , cU ], as shown in lines 27-32. rF
is a rate which always guarantees that T (rF ) ≥ cL . Anonymous queries are sent until either rU −rL ≤  or cU −cL ≤ .
In the end (lines 34-36), depending on whether rU − rL ≤ ,
the transmitter sets up its transmission rate r̂ among rL and
rF . For the toy network shown in Figure 3(b) that consists
of two receivers, after two rounds of Anonymous Queries,
aL = 0 and aU = 0. As a result, the search region for T (r∗ )
can be cut by half (For the mathematical reasoning, please
refer to Theorem 1 and its proof in Appendix A.).
We define the communication overhead of Algorithm 1 as
follows.
Definition 3. (communication overhead) The communication overhead of Algorithm 1 is defined as the number
of required anonymous queries.
Theorem 1 characterizes the convergence rate of Algorithm 1.
Theorem 1. To achieve an -neighborhood of the optimal
rate r∗ or the throughput T (r∗ ), that is either we find a rate

rL ∈ [rmin , rmax ] such that r∗ −  ≤ rL ≤ r∗ or we find a
rate rF ∈ [rmin , rmax ] such that |T (rF ) − T (r∗ )| ≤ , the
communication overhead of Algorithm 1 scales as O(log 1 ).
Proof. See Appendix A.
Remark 1.1. By Theorem 1, the communication overhead of Algorithm 1 is independent of the number of receivers
n.
Remark 1.2. Getting to know the -neighborhood of the
optimal rate r∗ is equivalent to acquire the first Θ(log 1 )
bits of r∗ in the binary number system. Thus, the communication overhead of any algorithm which could learn the
-neighborhood of r∗ is trivially lower bounded by Θ(log 1 ).
By Theorem 1, Algorithm 1 is order optimal in terms of .
Remark 1.3. The key idea behind Theorem 1 is to show
that at the end of every iteration of Algorithm 1, we have
cL ≤ T (rF ) ≤ cU and rL ≤ r∗ ≤ rU , cL ≤ T (r∗ ) ≤ cU .
Since in each iteration of Algorithm 1, either the search region [rL , rU ] for r∗ or the search region [cL , cU ] for T (r∗ ) can
min
be narrowed down by half, after dlog2 rmax −r
e+dlog2 rmax
e


iterations of Algorithm 1, either rU − rL ≤  or cU − cL ≤ .
Thus, if rU − rL ≤ , we know that rL is within the neighborhood of an optimal rate r∗ , i.e., |rL − r∗ | ≤ , otherwise we know a rate rF , the throughput of which is in
an -neighborhood of the throughput of an optimal rate, i.e.,
|T (rF ) − T (r∗ )| ≤ .
Remark 1.4. It can be easily shown that T (r̂) ≥ T (r∗ )−
always holds. Hence, the throughput under the rate r̂ calculated by Algorithm 1 is close to the throughput under the
optimal state rate r∗ .
To see this, by Theorem 1, for the rate r̂ calculated by
Algorithm 1, we have either T (r∗ ) − T (r̂) ≤  or r∗ −  ≤
r̂ ≤ r∗ . Given that r∗ −  ≤ r̂ ≤ r∗ , from Equation (1), we
have for any 1 ≤ i ≤ n
∗

∗

∗

Ti (r ) − Ti (r̂) = r P(Ri ≥ r ) − r̂P(Ri ≥ r̂)
(a)

≤ P(Ri ≥ r̂)(r∗ − r̂) ≤ ,

where step (a) follows from the fact P(Ri ≥ r) is a decreasing
function in r. By the definition in Equation (2), we have
T (r∗ ) − T (r̂) = min Ti (r∗ ) − min Ti (r̂)
1≤i≤n

1≤i≤n

≤ min (Ti (r̂) + ) − min Ti (r̂) = .
1≤i≤n

1≤i≤n

∗

Thus, T (r ) − T (r̂) ≤  holds.
To allow Algorithm 1 to work with a finite R, a minor adjustment on Algorithm 1 is sufficient: Rather than updating
rM to be 21 (rL +rU ) in line 7, set rM to be the median of the
set R ∩ [rL , rU ]. As a direct corollary of Theorem 1, with a
communication overhead of O(log 1 + log m), either we find
the optimal rate r∗ ∈ R, or we find a rate rF ∈ R such that
|T (rF ) − T (r∗ )| ≤ .

5.

COMPARISON WITH GENIE-AIDED RATE
CONTROL

In this section, we compare the achievable throughput of
our rate control method with the genie-aided dynamic rate
control solution, in which the channel state realizations are

known non-causally at the transmitter and the rate at each
time-slot is selected to maximize the long-term average system throughput. We show that under some mild conditions,
the throughput gain of the optimal genie-aided control over
our rate control method vanishes as the number of receivers
n increases. In a network with a large number of receivers,
the static rate control method given by Algorithm 1 is able to
achieve a throughput close to the throughput of the optimal
genie-aided rate control, while incurring a small constant
communication overhead independent of the number of receivers.

5.1

Genie-aided Rate Control

In the genie-aided rate control, we allow the transmitter
to be very powerful and even foresee the channel realizations
of all the receivers in all the time slots, i.e., {Ri [t]}1≤i≤n,t∈N .
As a result, it could then select the transmission rate ~r =
{r[t]}t∈N according to the channel realizations. Under a specific vector of rate ~r = {r[t]}t∈N , the achievable throughput
of any receiver i can be expressed as
TiG (~r) = lim sup
t→∞

t
1X
r[τ ]1Ri [τ ]≥r[τ ] ,
t τ =1

(5)

where 1A is the indicator function for event A.
The optimal genie-aided rate control finds the transmission rate ~r which maximizes the throughput of the network
as formulated in Equation (6).
T∗ ,

max
~
r ={r[t]},t∈N

T G (~r) =

max

min TiG (~r),

~
r ={r[t]},t∈N 1≤i≤n

(6)

where T ∗ is the achievable throughput of the optimal genieaided rate control.

5.2

Performance Limits of Genie-aided Rate
Control

We assume that for any receiver i, its channel states across
different time slots are independently distributed. For any
pair of receivers i1 6= i2 , {Ri1 [t]}t∈N and {Ri2 [t]}t∈N are
independent. We assume that there are K classes of receivers, C1 , C2 , ..., CK . The distributions of Ri for the receivers in the same class i ∈ Ck are the same and we use
the random variable RCk to denote its distribution, i.e., for
any receiver i ∈ Ck , P (Ri ≥ r) = P (RCk ≥ r) , ∀r ∈ R.
For any two classes Ck and Ck0 , the corresponding channel distributions follow a stochastic
order, that is either

P (RCk ≥ r) < P RCk0 ≥ r , ∀r ∈ R (denoted as RCk ≺

RCk0 ) or P (RCk ≥ r) > P RCk0 ≥ r , ∀r ∈ R (denoted as
RCk  RCk0 ). Note that the stochastic order of different
classes of channels is a mild condition. For example, if the
channel distribution follows the commonly adopted Rayleigh
distribution, the stochastic ordering is satisfied, since the
Rayleigh fading model is determined by a single parameter.
Without loss of generality, we assume RC1 ≺ RC2 ≺ ... ≺
RCK . Thus, C1 corresponds the bottleneck class of receivers.
Let nCk denote the number of receivers in class Ck . Then,
PK
k=1 nCk = n. We assume that nCk is non-decreasing with
n and nCk → ∞ as n → ∞ for any 1 ≤ k ≤ K.
It can be expected that the achievable throughput of the
network under the genie-aided rate control to be higher than
our static rate control policy in Algorithm 1, as the static
rate control is just a special case of the genie-aided control.
In this subsection, we characterize the throughput gain of

I(R) = − log

max
∗




r̃6=r ,r̃∈R 

1−

r∗
r̃

−(1− r∗ ) 
r̃

r∗
r̃

− r∗
r̃

P(r∗ ≤ RC1 < r̃)1−

r∗
r̃

P(RC1 ≥ r̃)

r∗
r̃


−(1− r̃∗ )  − r̃∗
r
r
r̃
r̃
r̃
r̃
1− ∗
P(r̃ ≤ RC1 < r∗ )1− r∗ P(RC1 ≥ r∗ ) r∗ + P(RC1 < r̃),
r
r∗

w.p.1,

(8)

in which w.p.1 denotes “with probability 1”.

)
if r̃ < r

∗

.

(7)
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AQ with Golden Section Search

0

Theorem 2. Let r̂ ∈ R denote the rate calculated by Algorithm 1. Given that the rate set R that the transmitter
can choose from is countable, the throughput gain of the optimal genie-aided rate control over the rate control method
(with the rate calculated by Algorithm 1), i.e., {r[t] = r̂}t∈N
is no more than  as n → ∞, where  is independent of
n and can be made arbitrarily small at the cost of O(log 1 )
communication overhead.
lim T ∗ ≤ T (r̂) + 

if r̃ > r∗ ;

100

the optimal genie-aided rate control over our static rate control policy given by Algorithm 1 as the number of receivers
increases.

n→∞

+ P(RC1 < r∗ ),
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Figure 4: Evolution of the communication overhead
to approach the -neighborhood of r∗ .

Proof. See Appendix B.
Remark 2.1. The genie-aided rate control may achieve
a higher throughput than the optimal static rate control because of the opportunistic gains. However, Theorem 2 suggests that for wireless multicast, the opportunistic gains of
the genie-aided rate control vanishes as n increases. This is
in sharp contrast to wireless unicasts, where the opportunistic gains increases as n increases [20].
Remark 2.2. To prove Theorem 2, by Theorem 1 and
Remark 1.4, it suffices to prove that the throughput gain of
the optimal genie-aided rate control over the optimal static
rate control policy, i.e., {r[t] = r∗ }t∈N vanishes as n → ∞.
lim T ∗ = T (r∗ )

n→∞

w.p.1.

(9)

Theorem 3. Let r̂ ∈ R denote the rate calculated by Algorithm 1. If the rate set R the transmitter can choose from
is finite, and there exists 0 < κ ≤ 1 such that κn ≤ nC1 ≤
κn + 1, the throughput gain of the optimal genie-aided rate
control over the rate control method (with the rate calculated
by Algorithm 1), i.e., {r[t] = r̂}t∈N , decreases exponentially
fast with respect to n.
e−I(R)κn+o(n) ≤ T ∗ − T (r̂) ≤ e−I(R)κn+o(n) + .

(10)

4

Here ,  is independent of n and can be made arbitrarily
small at the cost of O(log 1 ) communication overhead, and
the decay rate I(R) is strictly greater than 0, given by Equation (7).
Proof. See Appendix C.

We say xn = o(yn ) if limn→∞
sequences {xn } and {yn }.

T ∗ − T (r∗ ) = e−I(R)κn+o(n) .

|xn |
|yn |

= 0 for two real-valued

(11)

The proof of Equation (11) is composed of three parts. First,
we prove a lemma which characterizes the probability that
some rate r̃ 6= r∗ will lead to a higher sum throughput of receivers in class C1 than the static optimal rate r∗ . Secondly,
based on the lemma, we obtain an asymptotic upper bound
of the throughput gain for any genie-aided rate control policy. Lastly, we construct a specific genie-aided rate control
policy, whose throughput gain achieves the asymptotic upper
bound.
Remark 3.3. By Equation (7) in Theorem 3, the decay
rate of the throughput gain of the optimal genie-aided rate
control depends on the available rate set R as well as the
distribution P(RC1 ≥ r), ∀r ∈ R. Since in Equation (7)
the maximization is taken over all possible r̃ 6= r∗ , r̃ ∈ R,
given the same r∗ , the decay rate is non-increasing with the
increase of the number of available rates in set R. This suggests that, for the optimal genie-aided rate control, the channel realization information could bring a higher throughput
gain over the static rate control method when there are more
available rates in R.

6.

Remark 3.1. Theorem 3 considers a finite rate set R,
which is the case in practice. It implies that, for moderately
large n, the throughput gain of the genie-aided rate control
has become negligible.
4

Remark 3.2. To prove Theorem 3, by Theorem 1 and
Remark 1.4, it suffices to prove that the throughput gain of
the optimal genie-aided rate control over the optimal static
rate control policy, i.e., {r[t] = r∗ }t∈N decreases exponentially fast with respect to n.

EXPERIMENTAL RESULTS

In this section, we first present some simulations results to
validate the theoretical results. Then, via a software defined
radio implementation we show the low-overhead and robustness features of the anonymous-query based algorithm.

6.1

Numerical Results

In Figure 4, we compare the communication overhead of
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Figure 6: Implementation of anonymous queries in
Algorithm 1.
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Figure 5: Throughput gain of the optimal genieaided rate control with respect to the number of
receivers n, when there is a single class of receivers.
Here, m is the number of rates in set R that the
transmitter may choose from.
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our proposed rate control in Algorithm (1) with a straightforward incorporation of Anonymous Query with the Golden
Section Search [18] (discussed in Section 4). In the experiment, the network contains 100 receivers, the channel of
which is modeled by either Rayleigh fading or Rician fading with random coefficients. Given the SNR at the receiver, Ri [t] is calculated by the Shannon capacity with a
bandwidth of 20 MHz. Initially, rmin = 0M bps and rmax =
200M bps. For fair comparison, we record the number of required anonymous queries to narrow the search region for r∗
below  × 200M bps. It can be observed that the convergence
rate of our method is much faster than the Golden Section
Search method. With less than 40 rounds of anonymous
queries, our method could achieve a 2M bps neighborhood
of the optimal rate r∗ . The reason why both methods have
a staircase shaped curve in Figure 4 is the following. For
our proposed method, the staircase exists since after one iteration of Algorithm 1, either the search region for r∗ or the
search region for T (r∗ ) is guaranteed to be narrowed down.
For the Golden Section Search, the staircase exists because
it may require multiple rounds to learn the relationship between T (r1 ) and T (r2 ) before the search region (separated
by r1 , r2 ) can be narrowed down, as explained in Section 4.2.
Figure 5 plots the throughput gain of the optimal genieaided rate control over the optimal static rate control as
a function of the number of receivers n, when the transmitter has m rates to choose from. Note that only when
all receivers are in the same class, the optimal genie-aided
rate control policy is known explicitly, which selects the rate
maximizing the sum throughput of all receivers in each time
slot. Thus, to show the achievable throughput of the optimal genie-aided rate control, all the receivers belong to the
same class in this experiment. From the Figure 5, we have
the following observations. First, the throughput gain of the
optimal genie-aided rate control decreases fast with respect
to n. Second, for sufficiently large n, the throughput gain
decays exponentially and matches the predicted asymptotic
decay rate from Equation (7). Third, the decay rate is nonincreasing with the increase of the number of available rates
in set R, which is consistent with what is indicated in Remark 3.3.

10-5
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0.1
Duration of beacon signal (7s)

0.15

Figure 7: Impact of beacon duration and the number
of simultaneous transmitted beacon signals on the
probability of beacon detection errors.

6.2

System Implementation

To understand the overhead and the robustness of the
anonymous queries-based algorithm in practice, we build a
proof-of-concept system on the NI SDR platform [21]. The
transceivers send signals on a 20 MHz channel at 2.4 GHz.
Figure 6 illustrates how we implemented one iteration of
anonymous queries in Algorithm 1. In the beginning of the
iteration, the transmitter broadcasts aL , aU , which are the
2-bits information that the transmitter has learned in the
last iteration. Following the procedure of Algorithm 1, a
receiver could then know the two anonymous queries in the
new iteration. In response, a receiver decides whether or
not to send a beacon signal by checking the property in
the anonymous query. At the same time, the transmitter
listens on the channel for a time window DB . DB is set
to be larger than twice the maximum possible propagation
delay DP in the network plus the time DT required to send
a beacon signal. In our experiment, a large proportion of
DT is caused by the hardware. For example, there is a
delay to exchange information between the analog front and
the digital front. Remember that there are two anonymous
queries in one iteration of Algorithm 1. To guarantee that
the second beacon won’t interfere the first beacon at the
transmitter, a receiver could not start sending the second
beacon until a delay of DB . In our implementation, the
receivers do not need to be precisely synchronized and only
need to follow a local time schedule.
Since the anonymous query mechanism depends on the
beacon signal being correctly detected, we study the impact
of beacon duration and the number of simultaneous transmitted beacon signals on the probability of beacon detection
errors. Detection error rate, measured by the false positive
rate (FPR) plus the false negative rate (FNR), is shown in

to find the optimal static rate most of the time. Even after 5 rounds of anonymous queries, our method significantly
outperforms the highest supportable rate control method in
terms of throughput.

1
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CONCLUSION

In this paper, we develop a novel anonymous-query based
rate control for wireless multicast, which approaches the optimal throughput with a constant feedback overhead independent of the number of receivers. Through implementation on a software-defined ratio platform, we show that the
anonymous-query based algorithm achieves low-overhead and
robustness in practice.

Throughput (Mbit/s)

Figure 8: Achievable multicast throughput of random networks with n = 50 receivers.

Figure 7. It can be observed that the detection error rate
drops with the increase of the number of simultaneous transmitted beacon signals. It makes sense since when multiple
receivers send beacons, it is easier for the transmitter to detect an energy impulse. By properly setting the duration
of a beacon signal, the detection error probability can be
kept under a negligible level. Hence, the anonymous-queries
based algorithm can be quite robust in practice.
We implement anonymous queries on a system with one
transmitter and 11 receivers. To emulate a Wi-Fi network,
the receivers are randomly deployed within 20 meters to the
transmitter. With our specific implementation, Algorithm 1
could converge within 0.5 ms. Note that in practice, the
channel distribution of a receiver also changes over time.
Thus, Algorithm 1 needs to be performed once for every period of time when there might be a noticeable change in the
channel distribution of a receiver. The communication overhead, compared with the time period is essentially negligible
in a Wi-Fi system.
Finally, we compare the achievable throughput of our rate
control method with two existing baseline methods through
trace-driven simulations. First, the throughput functions
{Ti (r)}i are obtained through experimental measurements
of receivers under different channel conditions, e.g., different SNR levels and different mobility status. We implement the 802.11a protocol which supports 8 possible rates,
i.e., {6, 9, 12, 18, 24, 36, 48, 54} Mbit/s. Then, the traces of
{Ti (r)}i are fed into the simulator and 1000 networks with
50 receivers are generated, where each receiver may conform
to one of the traces randomly. For each network generated,
we compare our rate control method and two baseline methods. The first baseline method is to transmit at the lowest
rate, which is 6 Mbps. The second baseline method [10] is
to transmit at the highest supportable rate of all receivers
at any given time. In Figure 8, we show the CDF of the
achievable throughput of different methods. It can be observed that the second baseline only outperforms the first
baseline method slightly. This is because the probability
that there exists one receiver whose channel condition happens to be poor is high. Compared with the two baseline
methods, Anonymous Query based method achieves a much
higher throughput. It is worthy to note that the communication overhead of our method is extremely low. With 20
rounds of anonymous queries, the transmitter has been able

8.
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PROOF OF THEOREM 2

By Theorem 1 and Remark 1.4, it suffices to prove Equation (9).
Let us denote NCt (r) as the number of receivers in class
C that can
P support rate r in time slot t. More precisely,
NCt (r) , i∈C 1Ri [t]≥r . Since {Ri [t]} is i.i.d. across receivers
in the same class, for any r ∈ R and any time slot t, we have,
according to the strong law of large numbers,
lim

nC →∞

Given that R is a countable set, we further have, for any
time slot t,
lim max

nC →∞ r∈R
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[22] A. Dembo and O. Zeitouni, Large deviations techniques and
applications. Springer-Verlag New York, Inc., 2 ed., 2010.

APPENDIX
A. PROOF OF THEOREM 1
The key to prove Theorem 1 is to show that at the end
of every iteration of Algorithm 1, it is guaranteed that cL ≤
T (r∗ ) ≤ cU , cL ≤ T (rF ) ≤ cU and rL ≤ r∗ ≤ rU . Before delving into the proof, we provides some preliminary
properties regarding the superlevel sets.
By definition of superlevel set and T (r) in Equation (2),
Lc (T ) =

n
\

Lc (Ti ).

(12)

i=1

Lemma 1. At the end of every iteration of Algorithm 1,
(13)

Proof. See Appendix D.
Lemma 2. At the end of every iteration of Algorithm 1,
∗

cL ≤ T (r ) ≤ cU ,
cL ≤ T (rF ) ≤ cU .

rNCt (r)
= max rP(RC ≥ r). w.p.1,
r∈R
nC

which, by applying the Lebesgue dominated convergence
theorem, yields


rNCt (r)
lim E max
nC →∞
r∈R
nC


rNCt (r)
=E lim max
= max rP(RC ≥ r).
(16)
nC →∞ r∈R
r∈R
nC
Let us first focus on the genie-aided rate control problem.
Based on Equation (6), we have
T∗ =

max

min lim

~
r ={r[t]},t∈N 1≤i≤n t→∞

t
1X
r[τ ]1Ri [τ ]≥r[τ ]
t τ =1

1 X
≤
max
min
~
r ={r[t]},t∈N 1≤k≤K nCk
i∈C

k

A throughput c ∈ [0, rmax ] is achievable by the network, i.e.,
c ≤ T (r∗ ), if and only if Lc (T ) 6= ∅. For any 0 ≤ c ≤ T (r∗ ),
since by Equations (1) and (3) Ti (r∗ ) ≥ c, it follows that
r∗ ∈ Lc (T ).
rL ≤ r ∗ ≤ rU .

rNCt (r)
= rP(RC ≥ r). w.p.1
nC

(14)
(15)

!

t
t
1 X r[τ ]NCk (r[τ ])
=
max
min lim
~
r ={r[t]},t∈N 1≤k≤K t→∞ t
nCk
τ =1
t
r[τ ]NCtk (r[τ ])
1X
max
1≤k≤K t→∞ t
r[τ ]∈R
nCk
τ =1
"
#
0
rNCk (r)
= min E max
a.s.
r∈R
1≤k≤K
nCk

≤ min

lim

(17)

By combining Equation (16), and the fact that nCk → ∞ as
n → ∞ for any 1 ≤ k ≤ K, we obtain,
lim T ∗ ≤ min max rP(RCk ≥ r)

n→∞

Proof. See Appendix E.
In each iteration of Algorithm 1, depending on the results
of the two Anonymous Queries aL , aU , either the search region [rL , rU ] for r∗ or the search region [cL , cU ] for T (r∗ ) is
min
e+
narrowed down by half. Therefore, after dlog2 rmax −r

dlog2 rmax
e
iterations
of
Algorithm
1,
we
have
either
r
−
U

rL ≤  or cU − cL ≤ . If rU − rL ≤ , it follows from
Lemma 1 that r∗ − rL ≤ rU − rL ≤  and thus we know
that rL is within the -neighborhood of an optimal rate r∗ ,
If rU − rL > , we must have cU − cL ≤ . In this case, it
follows from Lemma 2 that |T (rF ) − T (r∗ )| ≤ cU − cL ≤ 
and thus we know a rate rF , the throughput of which is in
an -neighborhood of the throughput of the optimal rate r∗ .
Note that in each iteration of Algorithm 1, there are two
rounds of Anonymous Queries, the number of Anonymous
Queries needed to guarantee the above precision is
min
e + 2dlog2 rmax
e, the theorem is proved.
2dlog2 rmax −r



t
1X
lim
r[τ ]1Ri [τ ]≥r[τ ]
t→∞ t
τ =1

1≤k≤K r∈R

= max rP(RC1 ≥ r).
r∈R

(18)

The last equality in the above equation holds because of the
assumption that the random variables {RCk }1≤k≤K follow
the stochastic ordering of RC1 ≺ RC2 ≺ ... ≺ RCK .
Next, let us shift our focus to the static rate control problem. From Equation (3), the throughput using the optimal
static rate control can be expressed as
max T (r) = max min Ti (r) = max min min Ti (r)
r∈R

r∈R 1≤i≤n

r∈R 1≤k≤K i∈Ck

= max min rP(RCk ≥ r)
r∈R 1≤k≤K

= max rP(RC1 ≥ r).
r∈R

(19)

Again, the last equality is due to the stochastic ordering
assumption of {RCk }1≤k≤K .

Remember that r∗ = arg maxr∈R T (r). From Equation (18)
and Equation (19), we know that limn→∞ T ∗ ≤ maxr∈R T (r),
which, by combining with the fact that T ∗ ≥ maxr∈R T (r)
for any n, Equation (9) holds and the proof is completed.

C.

that
#
rNC0k (r)
T ≤ min E max
r∈R
1≤k≤K
nCk


0
rNC1 (r)
≤E max
r∈R
nC1

  ∗ 0 ∗ 
rNC01 (r)
r NC1 (r )
≤P r∗ = arg max
E
+
r∈R
nC1
nC1


rNC01 (r)
rmax
P r∗ 6= arg max
r∈R
nC1


 ∗ 0 ∗ 
rNC01 (r)
r NC1 (r )
+ P r∗ 6= arg max
rmax
≤E
r∈R
nC1
nC1


rNC01 (r)
=T (r∗ ) + P r∗ 6= arg max
rmax .
r∈R
nC1
"

∗

PROOF OF THEOREM 3

By Theorem 1 and Remark 1.4, it suffices to prove Equation (11).
The proof is composed of three parts. First, we prove a
lemma which characterizes the probability that some rate
r̃ 6= r∗ will lead to a higher sum throughput of receivers in
class C1 than the static optimal rate r∗ . Secondly, based
on the lemma, we obtain an asymptotic upper bound of
the throughput gain for any genie-aided rate control policy.
Lastly, we construct a specific genie-aided rate control policy, whose throughput gain achieves the asymptotic upper
bound.
Let us focus on the receivers in the class C1 . Lemma 3
characterizes the probability that the sum throughput of
receivers i ∈ C1 under a rate r̃ is higher the sum throughput
under the optimal static rate r∗ by nC1 ν in an arbitrary time
slot t, where ν ≥ 0.
Lemma 3. In any time slot t, the probability that the sum
throughput of all receivers i ∈ C1 under a rate r̃ 6= r∗ is
higher than the sum throughput under the static optimal rate
r∗ by nC1 ν for ν ≥ 0 decays exponentially with respect to nC1 ,

Thus, to prove Equation (24), it suffices to show that5


rNC01 (r)
P r∗ 6= arg max
≤ e−I(R)κn+o(nC1 ) ,
r∈R
nC1
which can be obtained by using Lemma 3, as showed in the
equation below.


rNC01 (r)
∗
P r 6= arg max
r∈R
nC1
(a) X

≤
P r̃NC01 (r̃) ≥ r∗ NC01 (r∗ )
r̃6=r ∗



≤m max∗ P r̃NC01 (r̃) ≥ r∗ NC01 (r∗ )
r̃6=r

− lim

nC1 →∞


1
log P r̃NCt1 (r̃) ≥ r∗ NCt1 (r∗ ) + nC1 ν = Iν (r̃),
nC1
(20)

(b)

= m max∗ e−I0 (r̃)nC1 +o(nC1 )
r̃6=r

=m · e− minr̃6=r∗ {I0 (r̃)}nC1 +o(nC1 )

where the decay rate Iν (r̃) is a positive number given by
n

o
∗
Iν (r̃) = sup − log E e−θ(r̃1Ri [t]≥r̃ −r 1Ri [t]≥r∗ −ν )
(21)

(c) −I(R)nC +o(nC )
1
1

=e

(d) −I(R)κn+o(n)

=e

θ∈R
∗

At ν = 0, if r̃ > r ,

−(1−r∗ /r̃) ∗ −r∗ /r̃
I0 (r̃) = − log 1 − r∗ /r̃
r /r̃
×
P(r∗ ≤ RC1 < r̃)1−

r∗
r̃

P(RC1 ≥ r̃)

r∗
r̃


+ P(RC1 < r∗ ) .

At ν = 0, if r̃ < r∗ ,

−(1−r̃/r ∗ )
−r̃/r ∗
I0 (r̃) = − log (1 − r̃/r∗ )
(r̃/r∗ )
×

(25)
(26)

where step (a) uses the union bound; in step (b), Equation (20) with ν = 0 is applied; step (c) uses the definition
of I(R) in Equation (7), the definition of I0 (r) in Equation (22) and the fact that m is independent of nC1 ; step (d)
uses the facts that κn ≤ nC1 ≤ κn + 1.
To complete the proof, as the last step, we need to show
that
T ∗ − max T (r) ≥ e−I(R)κn+o(n) .
r∈R

r̃

r̃



P(r̃ ≤ RC1 < r∗ )1− r∗ P(RC1 ≥ r∗ ) r∗ + P(RC1 < r̃) . (22)
In addition,
lim Iν (r̃) = I0 (r).

ν→0+

It suffices to show that, for any given 0 > 0, there exists
a specific genie-aided rate control policy ~r = {r[t]}t∈N with
T G (~r) − T (r∗ ) ≥ e−(I(R)+0 )κn+o(n) .

(23)

(27)

Let r̃ , arg minr∈R,r6=r∗ I0 (r). By Equation (23) in Lemma 3,
for any 0 > 0, we can find ν > 0 such that Iν (r̃)−I0 (r̃) < 0 .
For any such (0 , ν) pair, we can construct a genie-aided rate
control policy which determines the rate r[t] in slot t accord-

Proof. See Appendix F.

Provided with the above lemma and remember that r∗ =
arg maxr∈R T (r), our next task is to show
T ∗ − max T (r) ≤ e−I(R)κn+o(n) .
r∈R

(24)

From Equation (17) in the proof of Theorem 2 we know

5

Here we abuse notation slightly by representing − limx→∞
log f (x) ≥ I as f (x) ≤ e−Ix+o(x) .

1
x

Case 2: the throughput cM cannot be achieved
by the network.

ing to the following rule.

r̃
if r̃NCt1 (r̃) ≥ r∗ NCt1 (r∗ ) + nC1 ν
r[t] =
r∗ otherwise
Then, for the receivers i ∈ C1 ,
TiG (~r) − T (r∗ ) = νP r̃NCt1 (r̃) ≥ r∗ NCt1 (r∗ ) + nC1 ν



(b)

(a)

= νe−Iν (r̃)nC1 +o(nC1 ) ≥ νe−(I(R)+0 )nC1 +o(nC1 )

(c)

= e−(I(R)+0 )κn+o(n) ,

LcM (Ti ) ∩ [rM , rU ] 6= ∅,

(28)

where step (a) uses Lemma 3, step (b) uses the facts that
Iν (r̃) − I0 (r̃) < 0 and I0 (r̃) = I(R), and step (c) uses the
fact ν is independent of nC1 .
For the receivers i ∈ Ck with k 6= 1,
TiG (~r) − T (r∗ )
≥ 1 − P r̃NCt1 (r̃) ≥ r∗ NCt1 (r∗ ) + nC1 ν Ti (r∗ ) − T (r∗ )


≥ 1 − e−Iν (r̃)nC1 +o(nC1 ) (Ti (r∗ ) − T (r∗ ))


Since Ti (r∗ ) − T (r∗ ) > 0 for any receiver i ∈ Ck with k 6= 1,
by combining the above equation with Equation (28), we
can obtain Equation (27), which completes the whole proof.

D.

When the throughput cM is not achievable for the network,
by the property shown with Equation (12), it follows that
LcM (T ) = ∅.
By the design of Anonymous Queries in Algorithm 1, aU =
0 equivalently implies that, for any receiver 1 ≤ i ≤ n, we
have
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(32)

Since Ti (r)1≤i≤n is a unimodal function in r, we can express the superlevel set as an closed interval
h
i
Lc (Ti ) ∩ [rL , rU ] , Jist (c), Jiend (c) , ∀ 0 ≤ c ≤ cM , (33)
where Jist (c) and Jiend (c) correspond to the starting and
end points of the closed interval Lc (Ti ) ∩ [rL , rU ]. Note that
Jist (c) and Jiend (c) are well defined for 0 ≤ c ≤ cM , since
Lc (Ti ) ∩ [rL , rU ] 6= ∅ from Equation (32). Besides, Jist (c)
is non-decreasing and Jiend (c) is non-increasing with respect
to c. Since for any 1 ≤ i ≤ n, Ti (r) is a continuous function
of r, by the definition in Equation (33), Jist (c) and Jiend (c)
are continuous functions of c when 0 ≤ c ≤ cM .
For 0 ≤ c ≤ cM , define J st (c) , max1≤i≤n Jist (c) and
end
J (c) , min1≤i≤n Jiend (c). If J st (cM ) ≤ J end (cM ), it
follows that J st (cM ) ∈ LcM (T ) contradicting with the assumption that LcM (T ) = ∅. Thus, we must have J st (cM ) >
J end (cM ). From Equations (32)(33), Jiend (cM ) ≥ rM for
any receiver 1 ≤ i ≤ n. It follows that

We prove by induction. Initially, rL = rmin , rU = rmax
and thus Equation (13) trivially holds.
Suppose Equation (13) holds for the previous iteration.
According to Algorithm 1, in the cases of aL = 1, aU =
1 and aL = 0, aU = 0, rL , rU are not updated and thus
Equation (13) would still hold for the new iteration. We only
need to focus on the other two cases when aL = 1, aU = 0
and aL = 0, aU = 1. Since the two cases are symmetric,
without loss of generality, we consider one of the cases, aL =
1, aU = 0. There are two possibilities, when the throughput
cM can be achieved by the network and when the throughput
cM is not achievable for the network.

Since cM is not an achievable throughput by our assumption, we have T (r∗ ) < cM . Since T (r) is a unimodal function with the unique r∗ which achieves the maximum T (r∗ ),
we have J st (T (r∗ )) = J end (T (r∗ )) = r∗ . By the monotonic property of J end (c) and Equation (34), J end (T (r∗ )) ≥
J end (cM ) ≥ rM . Thus, we have r∗ = J end (T (r∗ )) ≥ rM .
Combining with the assumption that r∗ ∈ [rL , rU ], it follows that r∗ ∈ [rM , rU ]. Note that in the new iteration
rL := rM , Equation (13) also holds in this case.
By induction, the proof is complete.

Case 1: the throughput cM can be achieved by
the network.

E.

When the throughput cM can be achieved by the network, by
the property shown with Equation (12), we have LcM (T ) 6=
∅ and r∗ ∈ LcM (T ). By the assumption of induction, rL ≤
r∗ ≤ rU . Thus, it follows that
LcM (T ) ∩ [rL , rU ] 6= ∅.

(29)

By the design of Anonymous Queries in Algorithm 1, aL =
1 implies that, there exists some receiver i such that
LcM (Ti ) ∩ [rL , rM ] = ∅.

(34)
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We prove by induction. Initially, cL = 0, cU = rmax , rF =
rmin . From Equations (1) and (2), Equations (14) and (15)
must hold.
Suppose Equations (14) and (15) holds for the previous iteration. According Algorithm 1, in the cases of aL = 1, aU =
0 and aL = 0, aU = 1, cL , cU , rF are not updated and thus
Equations (14) and (15) would still hold for the new iteration. We only need to focus on the other two cases when
aL = 0, aU = 0 and aL = 1, aU = 1.

(30)

Case 1: aL = 0, aU = 0.

From Equations (12) and (30), we have
LcM (T ) ∩ [rL , rM ] = ∅,

J end (cM ) ≥ rM .

(31)

which implies r∗ 6∈ [rL , rU ]. Together with our assumption
that r∗ ∈ [rL , rU ], it follows that r∗ ∈ [rM , rU ]. Since in the
new interation rL := rM , Equation (13) still holds in this
case.

Now we discuss the case that aL = 0, aU = 0. By the
design of Anonymous Queries in Algorithm 1, aL = 0, aU =
0 equivalently implies that for any 1 ≤ i ≤ n,
LcM (Ti ) ∩ [rL , rM ] 6= ∅,
LcM (Ti ) ∩ [rM , rU ] 6= ∅.

(35)
(36)

Since Ti (r)1≤i≤n is a unimodal function in r, a non-empty
superlevel set of Ti (r) must be an interval. From Equations (35) and (36), it follows that
rM ∈ LcM (Ti ), ∀1 ≤ i ≤ n.

r̃ > r∗ with Equation (21), we have
n

∗
I0 (r̃) = sup − log P(Ri [t] ≥ r̃)e−θ(r̃−r ) +
θ∈R1

(37)

P(r ≤ Ri [t] < r̃)eθr + P(Ri [t] < r∗ )

Tn

Thus, i=1 LcM (Ti ) 6= ∅. By Equation (12), cM is achievable for the network. Thus, cM ≤ T (r∗ ) ≤ cU . Since in the
new iteration, cL := cM , Equation (14) still holds. Also, in
the new iteration, rF := rM . By Equation (37), we have
T (rM ) ≥ cM . Together with the fact that T (rM ) ≤ T ∗ ≤
cU , Equation (15) holds for the new iteration as well.

Case 2: aL = 1, aU = 1.
Next we discuss the case that aL = 1, aU = 1. By the
design of Anonymous Queries in Algorithm 1, aL = 1, aU =
1 equivalently means that there exist some i1 , i2 ∈ {1, ..., n}
(i1 might be equal to i2 .) such that
LcM (Ti1 ) ∩ [rL , rM ] = ∅,

(38)

LcM Ti2 ) ∩ [rM , rU ] = ∅.

(39)

It follows that,
n
\

!
LcM (Ti )

\

[rL , rU ]

i=1

⊂ LcM (Ti1 ) ∩ LcM (Ti2 ) ∩ ([rL , rM ] ∪ [rM , rU ]) = ∅

(40)

∗

By Lemma 1, we have rLT≤ r ≤ rU . If cM is achievable for the network, r∗ ∈ n
i=1 LcM (Ti ) due to the property shown with Equation (12). However, this contradicts
Equation (40). Hence, cM is not achievable for the network.
cL ≤ T (r∗ ) ≤ cM .
In the new iteration, cU := cM , by the conclusion we draw
above, Equation (14) still holds. Notice that rF , CL are not
updated. Together with the fact that T (rF ) ≤ T (r∗ ) ≤ cM ,
Equation (15) holds for the new iteration as well.
By induction, the proof is complete.

∗

∗

o

.

(46)

To find the supreme of Equation (46), we let its first derivative to be zero. There is a unique θ0∗ where the supreme in
Equation (46) is achieved, given by
P(r∗ ≤ Ri [t] < r̃)r∗
1
θ0∗ = − log
.
r̃
P(Ri [t] ≥ r̃)(r̃ − r∗ )

(47)

Inserting Equation (47) back to Equation (46), when r̃ > r∗ ,
Equation (22) is proved.
It is easy to verify that
r∗

r∗

P(r∗ ≤ RC1 < r̃)1− r̃ P(RC1 ≥ r̃) r̃
∗
∗


r∗ 1− rr̃  r∗  rr̃
P(r∗ ≤ RC1 < r̃) + P(RC1 ≥ r̃) ,
≤ 1−
r̃
r̃
(48)
where the equality holds when r̃P(RC1 ≥ r̃) = r∗ P(RC1 ≥
r∗ ). Since T (r∗ ) > T (r̃), the equality in Equation (48) does
not hold.
Combining Equations (48) and (22), it follows that the
decay rate is strictly positive, I0 (r̃) > 0.
Lastly, we prove Equation (23). Again, we prove the case
when r̃ > r∗ , and the case when r̃ < r∗ can be proved in the
same way. Combining r̃ > r∗ with Equation (21), we have
n

∗
Iν (r̃) = sup − log P(Ri [t] ≥ r̃)e−θ(r̃−r −ν) +
θ∈R1

∗

P(r ≤ Ri [t] < r̃)eθ(r

∗

+ν)

+ P(Ri [t] < r∗ )eθν

o

.

(49)

Let θν∗ be the θ where the supreme of Equation (49) is
achieved, denoted as θν∗ = ∆θν + θ0∗ . The first derivative
of Equation (49) on θν∗ is zero, i.e.,
∗

∗

∗

∗
ν
θν

−(r̃ − r∗ − ν)P(Ri [t] ≥ r̃)e−θν (r̃−r

F.

∗
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∗ ∗
(r +ν)
θν

∗

(r + ν)P(r ≤ Ri [t] < r̃)e

− νP(Ri [t] < r )e

By the definition of NCt (r),
P r̃NCt1 (r̃) ≥ r∗ NCt1 (r∗ ) + nC1 ν



(41)
!

=P

X

∗



r̃1Ri [t]≥r̃ − r 1Ri [t]≥r∗ − ν ≥ 0 .

(42)

i∈C1

Notice that {r̃1Ri [t]≥r̃ −r∗ 1Ri [t]≥r∗ −ν}i∈C1 are i.i.d. random
variables and Ti (r∗ ) > Ti (r̃) for i ∈ C1 , we have
E(r̃1Ri [t]≥r̃ − r∗ 1Ri [t]≥r∗ − ν)
=r̃P(Ri [t] ≥ r̃) − r∗ P(Ri [t] ≥ r∗ ) − ν < −ν < 0.

(43)

According to the Cramer’s Theorem (see Theorem 2.1.24 in
[22]), there exists Iν (r̃) > 0 such that
!
X

∗
∗
P
r̃1Ri [t]≥r̃ − r 1Ri [t]≥r − ν ≥ 0 =e−Iν (r̃)nC1 +o(nC1 ) ,
i∈C1

(44)
where Iν (r̃) is the rate function defined in Equation (21).
Thus, Equation (21) is proved.
When ν = 0, we prove the case when r̃ > r∗ , and the case
when r̃ < r∗ can be proved in the same way. Combining

−ν)

+

= 0.
(50)

Noting Equation (50) holds for θ0∗ when ν = 0. From Equation (50), we could derive Equation (45).
To simplify Equation (45), in the following, we use H to
denote
H , r∗1−

r∗
r̃

(r̃ − r∗ )

r∗
r̃

P(RC1 ≥ r̃)

r∗
r̃

r∗

P(r∗ ≤ RC1 < r̃)1− r̃ .
(51)

Clearly, H is independent of ν.
On the other hand, by Equation (50), if ∆θν∗ ≥ 0, for any
0 ≤ ν < r̃ − r∗ , we have
∗

∗ ∗

eθν r =

(a) (r̃

≤

∗

(r̃ − r∗ − ν)P(Ri [t] ≥ r̃)e−θν (r̃−r ) + νP(Ri [t] < r∗ )
(r∗ + ν)P(r∗ ≤ Ri [t] < r̃)
∗

∗

− r∗ )P(Ri [t] ≥ r̃)e−θ0 (r̃−r ) + (r̃ − r∗ )P(Ri [t] < r∗ )
r∗ P(r∗ ≤ Ri [t] < r̃)

,A+ ,

(52)

where step (a) uses the assumption that θν∗ = ∆θν +θ0∗ ≥ θ0∗ .



r∗
∗
∗
r∗
r∗
r∗
r∗1− r̃ (r̃ − r∗ ) r̃ P(RC1 ≥ r̃) r̃ P(r∗ ≤ RC1 < r̃)1− r̃ e∆θν r − e−∆θν (r̃−r )


∗
∗
∗ ∗
=ν P(Ri [t] < r∗ ) − P(r∗ ≤ Ri [t] < r̃)eθν r − P(Ri [t] ≥ r̃)e−θν (r̃−r ) ≤ νP(Ri [t] < r∗ ) , νB0 .

It follows from Equations (45) and (52) that


∗
∗
H e∆θν r − e−∆θν (r̃−r )


∗
∗
≥ν −P(r∗ ≤ Ri [t] < r̃)A+ − P(Ri [t] ≥ r̃)e−θ0 (r̃−r )
, − νB1 .

(53)

By Equation (50), if
we have

∆θν∗

< 0, for any 0 ≤ ν <

1
(r̃
2

− r∗ ),

∗ ∗

∗

e−θν (r̃−r

∗

)

=

(r∗ + ν)P(r∗ ≤ Ri [t] < r̃)eθν r − νP(Ri [t] < r∗ )
(r̃ − r∗ − ν)P(Ri [t] ≥ r̃)

(a) (r ∗

≤

∗ ∗

+ r̃)P(r∗ ≤ Ri [t] < r̃)eθ0 r
, A− ,
(r̃ − r∗ )P(Ri [t] ≥ r̃)

(54)

where step (a) uses the assumption that θν∗ = ∆θν +θ0∗ < θ0∗ .
It follows from Equations (45) and (54) that


∗
∗
H e∆θν r − e−∆θν (r̃−r )


∗ ∗
≥ν −P(r∗ ≤ Ri [t] < r̃)eθ0 r − P(Ri [t] ≥ r̃)A− , −νB2 .
(55)
From Equations (45), (53) and (55), for small enough
ν < 21 (r̃ − r∗ ), there exists A = max{B0 , B1 , B2 } > 0 independent of ν such that


∗
∗
(56)
H e∆θν r − e−∆θν (r̃−r ) ≤ νA,
Notice that the left side of Equation (56) is a continuous
function of ∆θν which is equal to 0 when and only when
∆θν = 0. By Equation (56), as ν → 0+ , ∆θν → 0 and
θν∗ → θ0∗ .
Together with Equation (49), Equation (23) is proved.

(45)

